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Abstract
Let K be a local field and let L/K be a totally ramified Galois extension of
degree pn. Being semistable [2] and possessing a Galois scaffold [3] are two con-
ditions which facilitate the computation of the additive Galois module structure
of L/K. In this note we show that L/K is semistable if and only if L/K has a
Galois scaffold. We also give sufficient conditions in terms of Galois scaffolds for
the extension L/K to be stable.
1 Introduction
Let K be a local field whose residue field is perfect with characteristic p. Let L/K be
a finite Galois extension and set G = Gal(L/K). Then L is free of rank 1 over K[G]
by the normal basis theorem. Let OK , OL be the integer rings of K, L, and let MK ,
ML be the maximal ideals of these rings. For a fractional ideal M
h
L of L define the
associated order
Ah = {γ ∈ K[G] : γ(M
h
L) ⊂M
h
L}.
of MhL in K[G]. Suppose M
h
L is free over some order B of K[G]. Then B = Ah, and
MhL is free of rank 1 over Ah. If L/K is at most tamely ramified then Ah = OK [G] and
MhL is free of rank 1 over OK [G] for all h ∈ Z [6, Th. 1].
On the other hand, if L/K is wildly ramified then in most cases Ah properly contains
OK [G], and hence M
h
L is not free over OK [G]. The problem of determining when M
h
L
is free over Ah for a totally ramified extension L/K of degree p
n appears to be quite
difficult. Two classes of extensions for which a partial answer can be obtained are
semistable extensions [2] and extensions with a Galois scaffold [3]. In this note we
consider the relation between semistable extensions and Galois scaffolds. In particular,
we show that L/K admits a Galois scaffold if and only if L/K is semistable.
1
2 Galois Scaffolds
In this section we give the definition of a Galois scaffold. We also give sufficient condi-
tions for an extension to admit a Galois scaffold. This criterion will be used in section 4.
Let L/K be a totally ramified Galois extension of degree pn and set G = Gal(L/K).
Let b1 ≤ b2 ≤ · · · ≤ bn be the lower ramification breaks of L/K, counted with multi-
plicity. Assume that p ∤ bi for 1 ≤ i ≤ n. Set Spn = {0, 1, . . . , p
n− 1} and write s ∈ S in
base p as
s = s(0)p
0 + s(1)p
1 + · · ·+ s(n−1)p
n−1.
Define a partial order on Spn by s  t if s(i) ≤ t(i) for 0 ≤ i ≤ n − 1. Then by Lucas’s
theorem we have s  t if and only if p ∤
(
t
s
)
. Define b : Spn → Z by
b(s) = s(0)p
0bn + s(1)p
1bn−1 + · · ·+ s(n−1)p
n−1b1.
Let r : Z → Spn be the function which maps a ∈ Z onto its least nonnegative residue
modulo pn. The function r ◦ (−b) : Spn → Spn is a bijection since p ∤ bi. Therefore we
may define a : Spn → Spn to be the inverse of r ◦ (−b). Let vL : L → Z ∪ {∞} denote
the normalized valuation on L.
Definition 2.1 ([3], Definition 2.6). Let c ≥ 1. A Galois scaffold ({Ψi}, {λt}) for L/K
with precision c consists of elements Ψi ∈ K[G] for 1 ≤ i ≤ n and λt ∈ L for all t ∈ Z
such that the following hold:
(i) vL(λt) = t for all t ∈ Z.
(ii) λt1λ
−1
t2 ∈ K whenever t1 ≡ t2 (mod p
n).
(iii) Ψi(1) = 0 for 1 ≤ i ≤ n.
(iv) For 1 ≤ i ≤ n and t ∈ Z there exists uit ∈ O
×
K such that the following congruence
modulo λt+pn−ibiM
c
L holds:
Ψi(λt) ≡
{
uitλt+pn−ibi if a(r(t))(n−i) ≥ 1,
0 if a(r(t))(n−i) = 0.
A Galois scaffold for L/K with infinite precision consists of the above data with the
congruence in (iv) replaced by equality.
In [3, Th. 3.1] sufficient conditions are given for an ideal MhL in an extension L/K
with a Galois scaffold to be free over its associated order Ah. When the precision of the
scaffold is sufficiently large these sufficient conditions are shown to be necessary as well.
Let ({Ψi}, {λt}) be a Galois scaffold for L/K. For s ∈ Spn set
Ψ(s) = Ψ
s(0)
n Ψ
s(1)
n−1 . . .Ψ
s(n−2)
2 Ψ
s(n−1)
1 .
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As explained on page 974 of [3], it follows from the definition of a Galois scaffold that
for every t ∈ Z there is Ust ∈ O
×
K such that the following holds modulo λt+b(s)M
c
L:
Ψ(s)(λt) ≡
{
Ustλt+b(s) if s  a(r(t)),
0 if s 6 a(r(t)).
(2.1)
Proposition 2.2. Let Φ1, . . . ,Φn ∈ K[G] and let {λt : t ∈ Z} be a subset of L satisfying
conditions (i) and (ii) in Definition 2.1. Suppose that for all t ∈ Z and 1 ≤ i ≤ n we
have
vL(Φi(λt)) = t + p
n−ibi if a(r(t))(n−i) ≥ 1, (2.2)
vL(Φi(λt)) > t + p
n−ibi if a(r(t))(n−i) = 0. (2.3)
Then there are Ψ1, . . . ,Ψn ∈ K[G] such that ({Ψi}, {λt}) is a Galois scaffold for L/K
with precision c = 1.
Proof. For 1 ≤ i ≤ n set Ψi = Φi − Φi(1) · idL. It follows from (2.2) and (2.3) that
vL(Φi(1)) > p
n−ibi. Hence for all t ∈ Z we have
Ψi(λt) ≡ Φi(λt) (mod λt+pn−ibiML),
so (2.2) and (2.3) hold with Φi replaced by Ψi. If a(t)(n−i) ≥ 1 then there is uit ∈ O
×
K
such that
Ψi(λt) ≡ uitλt+pn−ibi (mod λt+pn−ibiML).
Therefore ({Ψi}, {λt}) is a Galois scaffold for L/K with precision 1.
3 Stable and semistable extensions
In this section we outline Bondarko’s theory of stable and semistable extensions [1, 2].
We also present some interpretations and refinements of Bondarko’s work which will be
useful in the next section.
Let L/K be a totally ramified Galois extension of degree pn and let T =
∑
σ∈G σ
denote the trace element of K[G]. Define φ : L⊗K L→ L[G] by
φ(a⊗ b) = aTb =
∑
σ∈G
aσ(b)σ.
By Remark 1.2 of [1], φ is an isomorphism of vector spaces over K. The following is
proved in Proposition 1.6.1 of [1]:
Proposition 3.1. Let α, β ∈ L⊗KL and write φ(α) =
∑
σ∈G aσσ and φ(β) =
∑
σ∈G bσσ.
Then φ(αβ) =
∑
σ∈G aσbσσ.
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Let H = 〈(pn,−pn)〉 be the subgroup of Z× Z generated by the element (pn,−pn).
Then
F = {(a, b) ∈ Z× Z : 0 ≤ b < pn}
is a set of coset representatives for (Z × Z)/H . For (a, b) ∈ Z × Z write [a, b] for the
coset (a, b) + H . We define a partial order on (Z × Z)/H by [a, b] ≤ [c, d] if and only
if there is (c′, d′) ∈ [c, d] with a ≤ c′ and b ≤ d′. We easily see that [a, b] 6≤ [c, d] if and
only if [c+ 1, d− pn + 1] ≤ [a, b] (see [2, (16)]).
Fix a uniformizer piL for L and let T be the set of Teichmu¨ller representatives for
K. Let β ∈ L⊗K L. Then there are uniquely determined cj ∈ L and aij ∈ T such that
β =
pn−1∑
j=0
cj ⊗ pi
j
L =
∑
(i,j)∈F
aijpi
i
L ⊗ pi
j
L.
Set
R(β) = {[i, j] ∈ (Z× Z)/H : (i, j) ∈ F , aij 6= 0}.
Definition 3.2. Define the diagram of β to be
D(β) = {[a, b] ∈ (Z× Z)/H : [i, j] ≤ [a, b] for some [i, j] ∈ R(β)}.
It is observed in Remark 2.4.3 of [2] that while R(β) can depend on the choice of
uniformizer piL for L, D(β) does not depend on this choice. Let G(β) denote the set
of minimal elements of D(β) with respect to ≤. Then G(β) is also the set of minimal
elements of R(β).
Let δL/K =M
d
L denote the different of L/K and set i0 = d− p
n + 1. Then i0 is the
0th index of inseparability of L/K [4, Prop. 3.18], and b(pn−1) = i0 [5, IV, §1, Prop. 4].
The following is proved in Proposition 2.4.2 of [2]:
Theorem 3.3. Let ξ ∈ K[G]r {0}, let β ∈ L⊗K L satisfy ξ = φ(β), and let a, b ∈ Z.
Then the following are equivalent:
(a) [a, b] ∈ G(β).
(b) For all y ∈ L with vL(y) = −b− i0 we have vL(ξ(y)) = a.
For ξ ∈ K[G] with ξ 6= 0 we define fξ : Z→ Z by
fξ(a) = min{vL(ξ(y)) : y ∈M
a
L}.
Then fξ(a+1) ≥ fξ(a). Furthermore, for every a ∈ Z there is z ∈ L with vL(z) = a and
vL(ξ(z)) = fξ(a).
Corollary 3.4. Let ξ ∈ K[G]r {0}, let β ∈ L⊗K L satisfy ξ = φ(β), and let a, b ∈ Z.
Then the following are equivalent:
(a) [a, b] ∈ G(β).
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(b) fξ(−b− i0) = a and fξ(−b − i0 + 1) > a.
Proof. Suppose [a, b] ∈ G(β). It follows from Theorem 3.3 that for y ∈ L with vL(y) =
−b− i0 we have vL(ξ(y)) = a. Therefore fξ(−b− i0) = a. Suppose fξ(−b− i0 + 1) = a.
Then there is z ∈ L with vL(z) = −b− i0 + 1 and vL(ξ(z)) = a. It follows that there is
u ∈ O×K such that
vL(ξ(y + uz)) = vL(ξ(y) + uξ(z)) > a.
Since vL(y + uz) = −b− i0 this contradicts Theorem 3.3. Hence fξ(−b− i0 + 1) > a.
Suppose fξ(−b − i0) = a and fξ(−b − i0 + 1) > a. Then there is y0 ∈ L such that
vL(y0) = −b− i0 and vL(ξ(y0)) = a. Let y ∈ L satisfy vL(y) = −b − i0. Then there are
u ∈ O×K and z ∈ M
−b−i0+1
L such that y = uy0 + z. It follows that vL(ξ(z)) > a, and
hence that vL(ξ(y)) = vL(uξ(y0) + ξ(z)) = a. Since this holds for all y ∈ L such that
vL(y) = −b− i0 we get [a, b] ∈ G(β) by Theorem 3.3.
The following application of Theorem 3.3 gives information about the effect that ξ
has on valuations of arbitrary elements of L×. For a related result see Proposition 2.5.2
of [2].
Corollary 3.5. Let ξ ∈ K[G]r {0}, let β ∈ L⊗K L satisfy ξ = φ(β), and let a, b ∈ Z.
Then the following are equivalent:
(a) [a, b] ∈ D(β).
(b) fξ(−b− i0) ≤ a.
Proof. Suppose [a, b] ∈ D(β). Then there is [c, d] ∈ G(β) such that [c, d] ≤ [a, b]. We
may assume that c ≤ a and d ≤ b. It follows from Corollary 3.4 that
fξ(−b− i0) ≤ fξ(−d− i0) = c ≤ a.
Suppose [a, b] 6∈ D(β). Let d be the largest integer such that d ≤ b and there exists c
such that [c, d] ∈ G(β). By Corollary 3.4 we have
fξ(−b− i0) ≤ fξ(−d− i0) = c.
Suppose fξ(−b− i0) < c. Then there is d
′ such that d < d′ ≤ b and
fξ(−d
′ − i0) < fξ(−d
′ − i0 + 1).
Setting c′ = fξ(−d
′ − i0) we get [c
′, d′] ∈ G(β) by Corollary 3.4. This contradicts the
maximality of d, so we must have fξ(−b − i0) = c. Furthermore, since [c, d] 6≤ [a, b] we
have a < c. Hence fξ(−b− i0) > a.
For β ∈ L⊗K L with β 6= 0 set
d(β) = min{i+ j : [i, j] ∈ D(β)}.
Define the diagonal of β to be
N(β) = {[i, j] ∈ D(β) : i+ j = d(β)}.
Then N(β) ⊂ G(β).
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Definition 3.6. Let L/K be a totally ramified Galois extension of degree pn. Say that
L/K is a semistable extension if there is β ∈ L ⊗K L such that φ(β) ∈ K[G], p ∤ d(β),
and |N(β)| = 2. Say that L/K is a stable extension if β can be chosen to satisfy the
additional condition G(β) = N(β).
In [2, Th. 4.3.2] sufficient conditions are given for an ideal MhL in a semistable ex-
tension L/K to be free over its associated order. In some cases where L/K is stable
these conditions are shown to be necessary as well.
The following congruences imply that for n ≥ 2 most totally ramified Galois exten-
sions of degree pn are not semistable.
Proposition 3.7. Let L/K be a semistable extension and let b1 ≤ b2 ≤ · · · ≤ bn be the
lower ramification breaks of L/K, counted with multiplicity. Then bi ≡ −i0 (mod p
n)
for 1 ≤ i ≤ n.
Proof. This follows from Propositions 3.2.2 and 4.3.2.1 in [2].
Motivated by the theory of scaffolds, we give a definition of precision for semistable
extensions.
Definition 3.8. Let L/K be a totally ramified Galois extension of degree pn and let
c ≥ 1. We say that L/K is semistable with precision c if there is β ∈ L⊗K L such that
φ(β) ∈ K[G], p ∤ d(β), |N(β)| = 2, and a+ b ≥ d(β) + c for all [a, b] ∈ G(β)rN(β).
If L/K is stable then we may choose β so that G(β) = N(β). Hence L/K is
semistable with infinite precision in this case. On the other hand, if L/K is semistable
with sufficiently high precision then L/K is stable:
Proposition 3.9. Let L/K be a totally ramified Galois extension of degree pn, and let
h ∈ Spn satisfy h ≡ i0 (mod p
n). Suppose L/K is semistable with precision
c ≥ max{h− 1, pn − h− 1}.
Then L/K is a stable.
Proof. Since L/K is semistable with precision c there is α ∈ L⊗K L with φ(α) ∈ K[G],
p ∤ d(α), |N(α)| = 2, and e + f ≥ d(α) + c for all [e, f ] ∈ G(α) r N(α). The proof of
Proposition 3.2.1 in [2] shows that N(α) = {[d(α), 0], [0, d(α)]}. By Proposition 4.3.2.1
in [2] we have d(α) ≡ i0 ≡ h (mod p
n). Set m = (d(α) − h)/pn. Then m ∈ Z, so we
may define β = pi−mK α. We get φ(β) = pi
−m
K φ(α) ∈ K[G] and D(β) = [−mp
n, 0] +D(α).
It follows that N(β) = {[h, 0], [0, h]} and e + f ≥ h+ c for all [e, f ] ∈ G(β)rN(β).
Suppose there is (e, f) ∈ F such that [e, f ] ∈ G(β)rN(β). Then [h, 0] 6≤ [e, f ] and
[0, h] 6≤ [e, f ]. It follows that
[e+ 1, f − pn + 1] ≤ [h, 0] (3.1)
[e+ 1, f − pn + 1] ≤ [0, h]. (3.2)
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By (3.1) we have e + 1 ≤ h. Hence if 0 ≤ f ≤ h− 1 then
e+ f ≤ 2h− 2 < 2h− 1.
If h ≤ f ≤ pn − 1 then by (3.2) we have e+ 1 ≤ 0, and hence
e + f ≤ −1 + pn − 1 < pn − 1.
In either case we get e + f < h + c, a contradiction. Hence G(β)rN(β) = ∅, so L/K
is stable.
4 Semistable extensions and Galois scaffolds
Let L/K be a totally ramified extension of degree pn. In this section we show that L/K
is semistable if and only if L/K has a Galois scaffold. We also show that if L/K has a
Galois scaffold with sufficiently high precision then L/K is stable.
Theorem 4.1. Let L/K be a totally ramified Galois extension of degree pn which is
semistable. Then L/K admits a Galois scaffold with precision c = 1.
Proof. Let h ∈ Spn satisfy h ≡ i0 (mod p
n). Then by Propositions 3.2.1 and 4.3.2.1
of [2] there is β ∈ L ⊗K L such that φ(β) ∈ K[G] and N(β) = {[0, h], [h, 0]}. For
1 ≤ i ≤ n set Θi = φ(β
pn−pn−i−1). Since φ(β) ∈ K[G] it follows from Proposition 3.1
that Θi ∈ K[G]. We clearly have d(β
pn−pn−i−1) = (pn − pn−i − 1)h and
N(βp
n−pn−i−1) =
{
[sh, (pn − pn−i − 1− s)h] : s ∈ Spn, p ∤
(
pn − pn−i − 1
s
)}
. (4.1)
Let {λt : t ∈ Z} be a set of elements of L such that vL(λt) = t and λt′λ
−1
t ∈ K for all
t, t′ ∈ Z with t′ ≡ t (mod pn). It follows from (4.1) and Corollary 3.5 that for t ∈ Z we
have
vL(Θi(λt)) ≥ t+ (p
n − pn−i − 1)h+ i0. (4.2)
Since p ∤ h there is a unique si(t) ∈ Spn such that
t ≡ −(pn − pn−i − 1− si(t))h− i0 (mod p
n). (4.3)
By applying Theorem 3.3 and Corollary 3.5 to (4.1) we see that equality holds in (4.2)
if and only if p ∤
(
pn−pn−i−1
si(t)
)
. It follows from Lucas’s theorem that this is equivalent to
si(t)(n−i) 6= p− 1, which holds if and only if p
n−i+ si(t) < p
n and (pn−i+ si(t))(n−i) ≥ 1.
Since h ≡ i0 (mod p
n) it follows from (4.3) that
t ≡ (pn−i + si(t))h (mod p
n).
By Proposition 3.7 we have h ≡ −bj (mod p
n) for 1 ≤ j ≤ n. Therefore
a(r(t)) ≡ pn−i + si(t) (mod p
n). (4.4)
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If we have equality in (4.2) then by the preceding paragraph we get a(r(t)) = pn−i+si(t)
and a(r(t))(n−i) ≥ 1. Conversely, if a(r(t))(n−i) ≥ 1 then a(r(t)) ≥ p
n−i, and hence
pn−i+si(t) = a(r(t)) < p
n by (4.4). It follows from the preceding paragraph that equality
holds in (4.2) in this case. Thus equality holds in (4.2) if and only if a(r(t))(n−i) ≥ 1.
For 1 ≤ i ≤ n set
vi =
(pn − pn−i − 1)h+ i0 − p
n−ibi
pn
.
Then vi ∈ Z, so we may define Φi = pi
−vi
K Θi ∈ K[G]. Using (4.2) we get vL(Φi(λt)) ≥
t + pn−ibi, with equality if and only if a(r(t))(n−i) ≥ 1. Hence by Proposition 2.2 there
are Ψi ∈ K[G] such that ({Ψi}, {λt}) is a Galois scaffold for L/K with precision 1.
Theorem 4.2. Let L/K be a totally ramified Galois extension of degree pn which has a
Galois scaffold ({Φi}, {λt}) with precision c ≥ 1. Then L/K is semistable with precision
c.
Proof. Set ξ = Ψ(p
n−2). It follows from (2.1) that for every t ∈ Z there is Upn−2,t ∈ O
×
K
such that the following holds modulo λt+b(pn−2)M
c
L:
ξ(λt) ≡
{
Upn−2,tλt+b(pn−2) if p
n − 2  a(r(t)),
0 if pn − 2 6 a(r(t)).
(4.5)
Therefore we have vL(ξ(λt)) ≥ t + b(p
n − 2), with equality if and only if pn − 2 
a(r(t)). Now let y ∈ L× be arbitrary and set vL(y) = t. It follows from the above
that vL(ξ(y)) ≥ t + b(p
n − 2), again with equality if and only if pn − 2  a(r(t)). The
condition pn − 2  a(r(t)) is equivalent to a(r(t)) ∈ {pn − 1, pn − 2}, which is valid if
and only if we one of the following congruences holds:
t ≡ −b(pn − 1) (mod pn) (4.6)
t ≡ −b(pn − 2) (mod pn). (4.7)
It follows that fξ(t) ≥ t + b(p
n − 2), with equality if and only if either (4.6) or (4.7)
holds. Let β ∈ L⊗K L be such that φ(β) = ξ. By Corollary 3.5 we have
[t+ b(pn − 2)− 1,−i0 − t] 6∈ D(β)
for all t ∈ Z. Furthermore, [t + b(pn − 2),−i0 − t] ∈ D(β) if and only if either (4.6) or
(4.7) holds. It follows that
d(β) = b(pn − 2)− i0 = −bn
and N(β) = {[−bn, 0], [0,−bn]}. Since p ∤ bn this shows that L/K is semistable.
Suppose [e, f ] ∈ G(β) and [e, f ] 6∈ N(β). Then f 6≡ 0,−bn (mod p
n), and hence
−f − i0 6≡ −b(p
n − 1) (mod pn)
−f − i0 6≡ −b(p
n − 2) (mod pn).
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It follows from Theorem 3.3 and (4.5) that
e = vL(ξ(λ−f−i0))
≥ −f − i0 + b(p
n − 2) + c
= −f − bn + c.
Hence e + f ≥ −bn + c = d(β) + c, so L/K is semistable with precision c.
Corollary 4.3. Let L/K be a totally ramified Galois extension of degree pn and let
h ∈ Spn satisfy h ≡ i0 (mod p
n). Suppose that L/K has a Galois scaffold ({Φi}, {λt})
with precision
c ≥ max{h− 1, pn − h− 1}.
Then L/K is a stable extension.
Proof. This follows from Theorem 4.2 and Proposition 3.9.
Remark 4.4. The proofs of Theorem 4.2 and Corollary 4.3 don’t require part (iii) of
Definition 2.1, which states that Ψi lies in the augmentation ideal of K[G].
Remark 4.5. It would be interesting to get some sort of converse to Theorem 4.2 or
Corollary 4.3. Unfortunately, when L/K is semistable with precision c the Galois scaffold
for L/K produced by Theorem 4.1 does not seem to inherit this precision. Constructing
a Galois scaffold with precision c > 1 for a stable or semistable extension L/K would
require at least a refinement of Theorem 4.1, or perhaps a completely new approach.
Corollary 4.6. Let L/K be a totally ramified Galois extension of degree pn and let
G = Gal(L/K). Then the following statements are equivalent:
(a) L/K admits a Galois scaffold with precision c for some c ≥ 1.
(b) L/K is semistable.
(c) Let ρ ∈ L satisfy vL(ρ) ≡ −i0 (mod p
n). Then for all ξ ∈ K[G] and λ ∈ L× we
have
vL(ξ(ρ))− vL(ρ) ≤ vL(ξ(λ))− vL(λ).
Proof. The equivalence of (a) and (b) follows from Theorems 4.1 and 4.2. The equiva-
lence of (b) and (c) is proved in Theorem 4.4 of [2].
We conclude with some applications of our main results.
Corollary 4.7. Let L/K be a totally ramified Galois extension of degree pn which admits
a Galois scaffold with precision c for some c ≥ 1. Then the lower ramification breaks of
L/K satisfy bi ≡ −i0 (mod p
n) for 1 ≤ i ≤ n.
Proof. It follows from Theorem 4.2 that L/K is a semistable extension. Hence by
Proposition 3.7 we have bi ≡ −i0 (mod p
n) for all i.
9
Let K be a finite unramified extension of Qp, with K 6= Qp. In [2, §5.1] a totally
ramified elementary abelian p-extension L/K is constructed which is semistable, but
not stable. The following shows that there are no examples of elementary abelian p-
extensions in characteristic p with these properties.
Proposition 4.8. Let char(K) = p and let L/K be a totally ramified elementary abelian
p-extension. If L/K is semistable then it is stable.
Proof. It follows from Theorem 4.1 that L/K has a Galois scaffold ({Ψi}, {λt}) with
precision 1. Since char(K) = p we have Ψpi = 0 for 1 ≤ i ≤ n. Hence by Theo-
rem A.1(ii) of [3] the extension L/K has a Galois scaffold with precision ∞. Therefore
by Corollary 4.3 L/K is stable.
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